In their 2015 paper [6] , Mertens and Rolen prove that for a certain level 6 "almost holomorphic" modular function P , the degree of P (τ ) over Q for quadratic τ is as large as expected, settling a conjecture of Bruinier and Ono [3
Introduction
Let P with N |A, of discriminant δ. Let τ Q be the unique root of Q(τ, 1) lying in the upper half plane. In their 2015 paper [6] , Mertens and Rolen prove that, for a certain almost holomorphic modular (AHM) function P of level 6, the so-called class polynomial
is irreducible over Q whenever δ ≡ 1 mod 24, thus settling a question posed by Bruinier and Ono in [3] .
In particular, we have [Q(P (τ )) : Q] = #P N δ 3 π Im τ .
The function χ * is a level 1 AHM function and has been studied or has arisen incidentally in various places such as [4] , [5] , [15] . Together with j, this function χ * generates the field F * of level 1 AHM functions, that is F * = C(j, χ * ).
For those unfamiliar with AHM functions, this will suffice for the purposes of this paper as a definition of F * . For a more intrinsic definition including functions of higher level, see the excellent survey by Zagier, [15] .
Various facts about the arithmetic properties of χ * are known. Elsewhere, I have investigated the "special sets" of χ * , in the context of an André-Oort type result; see [13] . For this note we will be focussing only on the special points of AHM functions.
It is known, thanks to Masser [5] , that χ * (τ ) is an algebraic number when τ is quadratic. Indeed, Masser shows that Q(χ * (τ )) ⊆ Q(j(τ )) for all quadratic points. This is in contrast with the case considered by Mertens and Rolen; the function P considered there, having level greater than 1, does not satisfy such an inclusion of fields. Nonetheless, many of the techniques of Mertens and Rolen carry over nicely to level 1 AHM functions like χ * . Indeed, a paper of Braun, Buck and Girsch [2] uses the same number-theoretic techniques to extend to the Mertens/Rolen result to a wide variety of AHM functions. In light of this, we might expect a result like the following. Conjecture 1.1. The class polynomial of χ * , namely
is irreducible over Q, and hence Q(j(τ )) = Q(χ * (τ )).
Existing results, particularly from the paper of Braun, Buck and Girsch [2] , get very close to this. The techniques involve a lot of powerful number-theoretic machinery, centred around two fairly simplesounding ingredients.
The function χ * may be written as a sum of two q-expansions, yielding
where q = e 2πiτ and E is an error term consisting of nonnegative powers of q. The first ingredient is to get some sensible absolute bound on the size of E as τ varies in F. This gives the result for τ of sufficiently large discriminant. The second ingredient is the calculation of χ * (τ ) for the finitely many quadratic τ of small discriminant. The smaller the bound found for E, the fewer such calculations are needed.
I will approach this problem from a rather different direction. Using the theory of o-minimal structures, a branch of model theory, one can make good steps towards statements like 1.1. The central result of this note is of this type; we prove (a stronger version of) the following.
Then there is a number M ∈ N such that, for any quadratic τ ∈ H, we have
This theorem may not be entirely new. The number-theoretic techniques of Mertens and Rolen, while not applied to χ * specifically, implicitly involves finding such bounds; their work could likely be extended fairly easily to get something like 1.2. Our main theorem, however, does seem to be new. Using the André-Oort theorem from [13] and uniformity ideas of Scanlon [10] , we are able to get a uniform version of 1.2; this uniformity does not seem to be attainable with the methods of Mertens of Rolen. Definition 1.3. For a field F and natural numbers d and n, define
to be the set of rational functions in the X i , with coefficients in F , which may be written as f /g, for polynomials f and g of degree at most d.
With this definition, we can state the uniform result which is our main theorem for this note.
Theorem 1.4. For each natural number d, there is a constant M d such that, whenever f ∈ Q ≤d (j, χ * ) is nonconstant and τ ∈ H is quadratic, we have
A remark on this: it can be viewed as a form of independence result, or orthogonality result. It says, essentially, that the special points of χ * and the special points of j, though they lie in the same fields and have similar degrees over Q, cannot be "globally dependent" on one another. A further remark we must also make is that the bound M d relies on the Siegel bound for class numbers, and hence is certainly not effective.
As discussed, we will be proving this using methods of o-minimality, in particular the Pila-Wilkie Theorem; the unfamiliar reader can see [14] , [7] and [8] for details about these techniques. In the next section, we compile some technical lemmas and propositions which will be necessary for the proof. These are not particularly o-minimal in nature; the Pila-Wilkie arguments appear in Section 3.
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Technicalities
Out first technical results are quite number-theoretic in nature, of a similar feel to results from the work of Mertens and Rolen [6, Proposition 3.2]. These were also proven independently by myself in [13] , using the work of Masser [5] .
Proposition 2.1. Let τ ∈ H be a quadratic point. Let σ be a Galois automorphism acting on (the splitting field of )
Proof. See [13, Proposition 5.2].
Corollary 2.2. For any nonconstant f ∈ Q(j, χ * ), the class polynomial of f ,
(which is defined over Q for such f ) decomposes over Q as a power of an irreducible polynomial. That is,
for some natural number k δ and some polynomial p ∈ Q[X], irreducible over Q.
Proof. Follows from the previous proposition by elementary Galois theory.
The next few results we will need are of a rather different feel; somewhat more geometric in nature. They are motivated by ideas from model theory, specifically the now-standard Pila-Zannier strategy to proving diophantine results using o-minimality. The familiar reader may recognise the first result as an Ax-Lindemann-type result for j and χ * . It was proven in [13] as a main ingredient in the proof of an André-Oort result for j and χ * .
Theorem 2.3. Let π be the map from H n to C 2n defined by
Let S be an arc of a real algebraic curve in H n and suppose that S ⊆ π −1 (V ), where V is some irreducible variety in C 2n . Then S is contained in a weakly H-special variety G with G ⊆ π −1 (V ).
Here, a "weakly H-special" variety is any subset of H n cut out by equations either of the form
All that is needed for our purposes is the following fact: the only proper weakly H-special subvarieties of H are points.
Corollary 2.4. Let f ∈ C(j, χ * ) be nonconstant. There does not exist a real algebraic arc S ⊆ H upon which f is constant.
Proof. If f were constant on a real algebraic arc S, we could then find a polynomial p in two variables, nontrivial, such that p(j(τ ), χ * (τ )) = 0. By the previous theorem, we would get a weakly H-special variety G containing S such that p(j(τ ), χ * (τ )) = 0 for all τ ∈ G. The variety G is necessarily positivedimensional, whence G = H. Hence p(j(τ ), χ * (τ )) = 0 for all τ ∈ H, so p must be trivial since j is holomorphic but χ * is not. Contradiction.
This most recent result will later give us some control over preimages of the form f −1 (z), z ∈ C. On its own, however, it will not be enough; to give us further control over such preimages, we will need some information about the Jacobian of f , which by definition is the map J f : H → R,
It is well-known that if f is constant on some positive-dimensional path, then J f will vanish on that path. The result we need, therefore, is something to give us control over the zero set of J f .
Lemma 2.5. Let h ∈ R(j, χ * ) be nonconstant. Then the Jacobian J h of h is not identically zero.
Proof. Such an h may be written as
, for some holomorphic functions f k , g k having q-expansions with real coefficients. A tedious manipulation then shows, for τ = iy, that J h vanishes only if
By growth considerations, the coefficient of each power of Im τ must vanish individually. In case (1) we compare the k = 0 terms to get
) ′ = 0 on τ = iy (and therefore everywhere), so f 0 = λg 0 for some constant λ. By an isomorphism theorem from [15] , this implies f = λg, which we are assuming is not the case.
The case (2) is exactly the same by comparing the k = 0 terms; the sums of the form kg k (Im τ )
contribute nothing to the k = 0 term.
With these technicalities out of the way, we can progress to the proof of 1.2.
Proving Theorem 1.2
We will make significant use of techniques from model theory. One crucial fact is the following: any f ∈ C(j, χ * ) is definable in R an,exp when restricted to the standard fundamental domain
and |z| > 1 .
In particular, if P is a definable property, sets of the form Z = {τ ∈ F : P (f (τ )) holds}, will always be definable. Readers unfamiliar with definability in o-minimal structures can see [14] , [7] and [8] for details.
The bulk of the work towards proving 1.2 lies in the following lemma.
Proof. Consider the definable set
If f is constant on a set of positive real dimension, then J f also vanishes on that set. Hence
By 2.5, J f is not identically zero, so by analytic continuation the zero set of J f can have no interior. Hence the definable set Z must consist of just finitely many points and real analytic arcs. (In particular, note that f (Z) is finite; this will be useful later.) On F \ Z, the function f must be finite-to-one, by definability and the Cell Decomposition Theorem. By uniform boundedness, there is m ∈ N such that, for all τ ∈ H,
So it will be sufficient to prove the following.
Claim. Z contains only finitely many quadratic points. Proof of Claim. By Corollary 2.4, the set Z can never contain an arc of a real algebraic curve. So, by the Pila-Wilkie Theorem [9] , we have (for all ǫ > 0) a constant c ǫ such that
where Ht denotes the absolute multiplicative height of an algebraic point, as defined in [1] . As is fairly standard in this area, we will be playing this bound off against lower bounds provided by Galois considerations. The lower bound is derived from the well-known inequality
where τ is a quadratic point of discriminant δ, D = |δ| and c ν is some constant depending only on ν. This, as usual, is derived from the Siegel lower bound for class numbers of quadratic orders; see [12] for the original result and [8] for typical applications. Let us fix ν = 1/4, so that c = c 1/4 is an absolute constant. We begin work on this lower bound as follows. First, let τ be a quadratic point of discriminant δ,
Hence there are at least k δ distinct quadratic points τ , of discriminant δ, such that f (τ ) = z. If we take, say, ǫ = 1 8 in the Pila-Wilkie bound (3), we will get a contradiction whenever D = |δ| is greater than some constant κ. This κ will depend only on [Q(f (τ )) : Q].
Since f (Z) is a finite set, and f (τ ) ∈ f (Z), so in particular [Q(f (τ )) : Q] is bounded above by a constant depending only on f . So the constant κ above depends only on f . Now the proof of 1.2 is easy.
Proof of Theorem 1.2. Let f ∈ Q(j, χ * ) be nonconstant and consider the class polynomial of f :
which by Corollary 2.2 is a power of an irreducible polynomial. Say H f δ (x) = p(x) k δ . Then p is necessarily the minimal polynomial of f (τ ) for some (any) quadratic τ of discriminant δ.
Since H f δ = p k δ , there must be a root of H f δ of order k δ . This means that there are (at least) k δ distinct quadratic points τ 1 , . . . , τ k δ ∈ F with f (τ i ) = f (τ 1 ) for all i. By 3.1, there can be at most M such quadratic points, whence k δ ≤ M .
For a quadratic point τ of discriminant δ, the degree of j(τ ) over Q is equal to the degree of H f δ , while the degree of f (τ ) over Q is equal to the degree of p. Hence we must have
as required.
Uniformity
In this section we will prove the uniform version of 1.2, namely Theorem 1.4. For this we require a certain amount of setup. One crucial component is the André-Oort result from [13] , which we will state shortly. First we need a definition.
The result also discusses (j, χ * )-special subvarieties of C 2n . The precise definition of these is not important; they are particular subvarieties of C 2n containing Zariski dense sets of (j, χ * )-special points. We will only need to know the following.
• The (j, χ * )-special subvarieties of C 2 are precisely the (j, χ * )-special points and C 2 itself.
• The fibre V a of a (j, χ
is a union of finitely many (j, χ * )-special subvarieties of C 2m ; the number of connected components of V a depends only on V , not on a.
• If the fibre V a of a (j, χ * )-special subvariety V ⊆ C 2+2n at any (j, χ * )-special point a ∈ C 2n is equal to C 2 , then: for every (j, χ * )-special b ∈ C 2n , V b is either empty or C 2 .
The André-Oort theorem we need is the following, which was proven in [13] .
Theorem 4.2. Let V ⊆ C 2n be an algebraic variety. Then V contains only finitely many maximal (j, χ * )-special subvarieties.
We will be combining this with the following theorem of Scanlon, which is Lemma 3.2 from his paper [10] . Theorem 4.3. Let K be an algebraically closed field, X and B algebraic varieties over K, Y ⊆ X × B a constructible subset, and A ⊆ X(K). There is a natural number n and a constructible set Z ⊆ X × X n such that, for any parameter b ∈ B(K), there is some a ∈ A n for which Y b (K) ∩ A = Z a (K) ∩ A.
We will be applying this with A being the set of (j, χ * )-special points in X = C 2 . It essentially does all of the uniformisation work for us; the bulk of the proof of 1.4 lies in the following uniform version of Lemma 3.1. and A equal to the set of (j, χ * )-special points), yields a natural number N and a constructible set Z ⊆ C 2+2N , such that for any parameter (b, z) ∈ Schertz does not apply. To progress with this problem, one would likely need to extend the work of Schertz into the context of AHM functions. This would seem to be by far the most significant challenge presenting itself in attempting to extend the results of this paper to functions of higher level. I will postpone further discussion of this problem for later work.
